
Ʉ ȼɈɉɊɈɋɍ Ɉ ɋɍɓȿɋɌȼɈȼȺɇɂɂ ɄȼȺɁɂɉȿɊɂɈȾɂɑȿɋɄɈȽɈ  

Ɋȿɒȿɇɂə ɋɂɋɌȿɆɕ ȾɂɎɎȿɊȿɇɐɂȺɅɖɇɕɏ ɍɊȺȼɇȿɇɂɃ  

ɋ ɈɋɈȻȿɇɇɈɃ ɆȺɌɊɂɐȿɃ ɉɊɂ ɉɊɈɂɁȼɈȾɇɕɏ 

 

Ʌɶɜɨɜɚ Ɍ. Ʌ. 

 

 

ɉɪɟɞɥɨɠɟɧ ɫɩɨɫɨɛ ɨɩɪɟɞɟɥɟɧɢɹ ɭɫɥɨɜɢɣ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɧɟɧɭɥɟɜɨɝɨ ɤɜɚ-
ɡɢɩɟɪɢɨɞɢɱɟɫɤɨɝɨ ɪɟɲɟɧɢɹ ɞɥɹ ɫɢɫɬɟɦ ɥɢɧɟɣɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ 
ɭɪɚɜɧɟɧɢɣ ɫ ɨɫɨɛɟɧɧɨɣ ɦɚɬɪɢɰɟɣ ɩɪɢ ɩɪɨɢɡɜɨɞɧɵɯ. ɉɨɥɭɱɟɧɧɵɟ ɪɟɡɭɥɶ-
ɬɚɬɵ ɩɪɢɦɟɧɹɸɬɫɹ ɩɪɢ ɢɫɫɥɟɞɨɜɚɧɢɢ ɤɨɧɤɪɟɬɧɨɣ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ 
ɦɨɞɟɥɢ ɥɢɧɟɣɧɨɣ ɷɥɟɤɬɪɢɱɟɫɤɨɣ ɰɟɩɢ. 

 

 

ȼɜɟɞɟɧɢɟ. Ɋɚɫɫɦɨɬɪɢɦ ɫɢɫɬɟɦɭ ɥɢɧɟɣɧɵɯ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ 
ɭɪɚɜɧɟɧɢɣ 

)(tfBxxA +=$ , (1) 

ɜ ɤɨɬɨɪɨɣ x  — n -ɦɟɪɧɵɣ ɜɟɤɬɨɪ, A  ɢ B  — nn×  ɩɨɫɬɨɹɧɧɵɟ ɦɚɬɪɢɰɵ, 

ɩɪɢɱɟɦ 0det =A , )(tf  — n -ɦɟɪɧɚɹ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɹ. 
ɋɢɫɬɟɦɵ ɬɚɤɨɝɨ ɜɢɞɚ ɱɚɫɬɨ ɜɫɬɪɟɱɚɸɬɫɹ ɜ ɩɪɢɥɨɠɟɧɢɹɯ, ɨɫɨɛɟɧɧɨ 

ɜ ɬɟɨɪɢɢ ɚɜɬɨɦɚɬɢɱɟɫɤɨɝɨ ɪɟɝɭɥɢɪɨɜɚɧɢɹ ɢ ɬɟɨɪɢɢ ɷɥɟɤɬɪɢɱɟɫɤɢɯ ɰɟɩɟɣ. 

Ȼɨɥɶɲɨɟ ɤɨɥɢɱɟɫɬɜɨ ɡɚɞɚɱ, ɤɨɬɨɪɵɟ ɩɪɢɜɨɞɹɬ ɤ ɧɟɨɛɯɨɞɢɦɨɫɬɢ ɪɟɲɟɧɢɹ 
ɫɢɫɬɟɦɵ (1), ɪɚɫɫɦɨɬɪɟɧɵ ɜ ɪɚɛɨɬɟ (Ȼɨɹɪɢɧɰɟɜ, 1980). 

ȼɨɩɪɨɫɵ ɩɨɫɬɪɨɟɧɢɹ ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ 
ɭɪɚɜɧɟɧɢɣ ɬɢɩɚ (1) ɫ ɩɪɨɢɡɜɨɥɶɧɵɦɢ ɦɚɬɪɢɰɚɦɢ ɪɚɫɫɦɚɬɪɢɜɚɥɢɫɶ ɜɨ 
ɦɧɨɝɢɯ ɪɚɛɨɬɚɯ. ɉɪɟɠɞɟ ɜɫɟɝɨ ɨɬɦɟɬɢɦ ɤɧɢɝɭ (Ƚɚɧɬɦɚɯɟɪ, 1954), ɜ ɤɨɬɨ-
ɪɨɣ ɧɚ ɨɫɧɨɜɚɧɢɢ ɬɟɨɪɢɢ ɷɥɟɦɟɧɬɚɪɧɵɯ ɞɟɥɢɬɟɥɟɣ ɩɨɥɭɱɟɧɨ ɨɛɳɟɟ ɪɟ-
ɲɟɧɢɟ ɫɢɫɬɟɦɵ (1). ȼ ɪɚɛɨɬɟ (Ȼɨɹɪɢɧɰɟɜ, 1980) ɞɥɹ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ (1) 

ɢɫɩɨɥɶɡɭɟɬɫɹ ɨɛɪɚɬɧɚɹ ɦɚɬɪɢɰɚ Ⱦɪɚɡɢɧɚ. ȼ ɪɚɛɨɬɟ (Ʌɭɤɶɹɧɨɜɚ, 1998) 

ɧɚɯɨɞɢɬɫɹ ɪɟɲɟɧɢɟ ɜ ɜɢɞɟ ɪɹɞɚ Ɏɭɪɶɟ, ɩɪɢ ɭɫɥɨɜɢɢ, ɱɬɨ )(tf  ɧɟɩɪɟ-
ɪɵɜɧɚɹ, π2  – ɩɟɪɢɨɞɢɱɟɫɤɚɹ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɹ. 

ȼ ɧɚɫɬɨɹɳɟɣ ɫɬɚɬɶɟ ɩɪɟɞɩɨɥɚɝɚɟɦ, ɱɬɨ )(tf  — ɤɜɚɡɢɩɟɪɢɨɞɢɱɟ-
ɫɤɚɹ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɹ ɫɨ ɫɩɟɤɬɪɨɦ W , ɜɢɞɚ 
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ɝɞɟ 0ɫ , ɚ ɬɚɤɠɟ ɩɪɢ ɥɸɛɨɦ jj Dp ∈ , 
jpc , 

jpd  — n -ɦɟɪɧɵɟ ɜɟɤɬɨɪɵ. 

ȼɜɟɞɟɦ ɦɧɨɠɟɫɬɜɨ ( )
⎭
⎬
⎫

⎩
⎨
⎧

∈∈=== ∑
=

*

1

1 ,,,,,: ZN
j

i

m

i

j

i

j

m

j

jjj kjjkkkppD … , 

ɝɞɟ N∈m  ɧɟɤɨɬɨɪɨɟ ɮɢɤɫɢɪɨɜɚɧɧɨɟ ɱɢɫɥɨ, *
Z  — ɦɧɨɠɟɫɬɜɨ ɰɟɥɵɯ 

ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɯ ɱɢɫɟɥ. ɋɩɟɤɬɪ 
⎭
⎬
⎫

⎩
⎨
⎧

ω= ∑
=

m

i

i

j

ikW
1

,0 , +∈ω Ri , mi ,1=  — 

ɧɟɫɨɢɡɦɟɪɢɦɵɟ ɱɢɫɥɚ. 
ɋɢɦɜɨɥɨɦ )(WM  ɨɛɨɡɧɚɱɢɦ ɦɧɨɠɟɫɬɜɨ ɬɪɢɝɨɧɨɦɟɬɪɢɱɟɫɤɢɯ ɪɹ-

ɞɨɜ, ɜɢɞɚ 
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ɜ ɤɨɬɨɪɨɦ 0a , ɚ ɬɚɤɠɟ ɩɪɢ ɥɸɛɨɦ jj Dp ∈ , 
jpa , 

jpb  n -ɦɟɪɧɵɟ ɜɟɤɬɨɪɵ. 

ɇɭɥɟɜɵɦ ɷɥɟɦɟɧɬɨɦ ɦɧɨɠɟɫɬɜɚ )(WM  ɧɚɡɨɜɟɦ ɪɹɞ ɫ ɧɭɥɟɜɵɦɢ ɤɨɷɮ-

ɮɢɰɢɟɧɬɚɦɢ. Ɇɧɨɠɟɫɬɜɨ )(WM  ɡɚɦɤɧɭɬɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɩɟɪɚɰɢɣ ɫɥɨ-
ɠɟɧɢɹ, ɭɦɧɨɠɟɧɢɹ ɧɚ ɱɢɫɥɨ ɢ ɧɚ ɦɚɬɪɢɰɭ. 

ɉɨɞ ɫɢɦɜɨɥɨɦ )(tx$  ɛɭɞɟɦ ɩɨɧɢɦɚɬɶ ɷɥɟɦɟɧɬ ɦɧɨɠɟɫɬɜɚ )(WM , 

ɨɩɪɟɞɟɥɹɟɦɵɣ ɪɚɜɟɧɫɬɜɨɦ 
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Ɉɩɪɟɞɟɥɟɧɢɟ 1. ɗɥɟɦɟɧɬ )()( WMtx ∈  ɧɚɡɵɜɚɟɬɫɹ ɤɜɚɡɢɩɟɪɢɨɞɢ-

ɱɟɫɤɢɦ ɪɟɲɟɧɢɟɦ ɫɢɫɬɟɦɵ (1), ɟɫɥɢ )()()( tftBxtxA −−$  ɧɭɥɟɜɨɣ ɷɥɟɦɟɧɬ 
ɦɧɨɠɟɫɬɜɚ )(WM . 

ɋɬɚɜɢɬɫɹ ɡɚɞɚɱɚ ɧɚɣɬɢ ɭɫɥɨɜɢɹ, ɩɪɢ ɤɨɬɨɪɵɯ ɫɢɫɬɟɦɚ (1) ɢɦɟɟɬ 
ɤɜɚɡɢɩɟɪɢɨɞɢɱɟɫɤɨɟ ɪɟɲɟɧɢɟ ɫɨ ɫɩɟɤɬɪɨɦ W . 

 

Ɍɟɨɪɟɬɢɱɟɫɤɢɟ ɢɫɫɥɟɞɨɜɚɧɢɹ. ȼɵɩɨɥɧɢɦ ɡɚɦɟɧɭ ɩɟɪɟɦɟɧɧɵɯ 
Qyx = , 0det ≠Q  ɢ ɭɦɧɨɠɢɦ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ (1) ɫɥɟɜɚ ɧɚ ɦɚɬɪɢɰɭ 

P , 0det ≠P . ɉɨɥɭɱɢɦ ɫɢɫɬɟɦɭ )(
~~~

tfyByA +=$ , ɜ ɤɨɬɨɪɨɣ QPAA =
~

, 

QPBB =~
, )()(

~
tfPtf = . 

Ȼɭɞɟɦ ɩɪɟɞɩɨɥɚɝɚɬɶ, ɱɬɨ ɞɥɹ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ (1) ɜɵɩɨɥɧɟɧɨ 
ɭɤɚɡɚɧɧɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ. Ⱦɥɹ ɭɞɨɛɫɬɜɚ ɞɚɥɶɧɟɣɲɢɯ ɢɫɫɥɟɞɨɜɚɧɢɣ, ɫɨ-

Львова Т. Л. — МКО – 2009, т. 2, стр. 8–15

Lvova T. L. — MCE – 2009, v. 2, pp. 8–15
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ɯɪɚɧɢɦ ɩɪɟɠɧɢɟ ɨɛɨɡɧɚɱɟɧɢɹ. Ɍɨɝɞɚ ɦɚɬɪɢɰɚ A  ɨɩɪɟɞɟɥɢɬɫɹ ɪɚɜɟɧɫɬ-
ɜɨɦ ( ) ( )[ ]0,0,0,11 colonAcolonA =  (Ƚɚɧɬɦɚɯɟɪ, 1954), ɝɞɟ 11A  — ss×  ɦɚɬ-
ɪɢɰɚ, ns <  ɢ 0det 11 ≠A . Ɇɚɬɪɢɰɭ B  ɩɪɟɞɫɬɚɜɢɦ ɜ ɜɢɞɟ 

( ) ( )[ ]22122111 ,,, BBcolonBBcolonB = , 11B  — ss×  ɦɚɬɪɢɰɚ, ɚ ɤɜɚɡɢɩɟɪɢɨ-
ɞɢɱɟɫɤɭɸ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɸ )(tf , ɤɚɤ ( ))(),()( 21 tftfcolontf = , ɝɞɟ 
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1

0ɫ , ɚ ɬɚɤɠɟ ɩɪɢ ɥɸɛɨɦ jj Dp ∈ , 1

jpc , 1

jpd  — s -ɦɟɪɧɵɟ ɜɟɤɬɨɪɵ, 
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tkdtkcctf , 

2

0ɫ , ɚ ɬɚɤɠɟ ɩɪɢ ɥɸɛɨɦ jj Dp ∈ , 2

jpc , 2

jpd  — )( sn − -ɦɟɪɧɵɟ ɜɟɤɬɨɪɵ. 

ɋɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ (1) ɛɭɞɟɬ ɷɤɜɢɜɚɥɟɧɬɧɚ ɫɢɫɬɟɦɟ 

),(0

),(

2222121

1212111111

tfxBxB

tfxBxBxA

++=
++=$

 (3) 

ɝɞɟ 1x  — s -ɦɟɪɧɵɣ ɜɟɤɬɨɪ, 2x  — )( sn − -ɦɟɪɧɵɣ ɜɟɤɬɨɪ, ɤɨɬɨɪɵɟ ɹɜ-
ɥɹɸɬɫɹ ɤɨɦɩɨɧɟɧɬɚɦɢ ɜɟɤɬɨɪɚ ( )21, xxcolonx = . 

Ʉɜɚɡɢɩɟɪɢɨɞɢɱɟɫɤɨɟ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ (3) ɧɚɯɨɞɢɦ ɜ ɜɢɞɟ (2). ȼɟɤ-
ɬɨɪɵ 0a , 

jpa , 
jpb  ɩɪɟɞɫɬɚɜɢɦ ɤɚɤ ( )2

0

1

00 , aacolona = , ( )21 ,
jjj ppp aacolona = , 

( )21 ,
jjj ppp bbcolonb = , ɩɪɢɱɟɦ 1

0a , 1

jpa , 1

jpb  — s -ɦɟɪɧɵɟ ɜɟɤɬɨɪɵ, ɚ 2

0a , 

2

jpa , 2

jpb  — )( sn − -ɦɟɪɧɵɟ ɜɟɤɬɨɪɵ. 

ɉɨɞɫɬɚɜɢɦ ɪɹɞ (2) ɜ ɫɢɫɬɟɦɭ (3) ɢ ɩɪɢɪɚɜɧɹɟɦ ɤɨɷɮɮɢɰɢɟɧɬɵ ɩɪɢ 
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sin . ɉɨɥɭɱɢɦ, ɱɬɨ ɪɹɞ (2) ɬɨɝɞɚ ɢ ɬɨɥɶɤɨ ɬɨ-

ɝɞɚ, ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɫɢɫɬɟɦɵ (1), ɤɨɝɞɚ ɪɚɡɪɟɲɢɦɵ ɫɥɟɞɭɸɳɢɟ ɫɢɫ-
ɬɟɦɵ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ 
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Ɋɚɫɫɦɨɬɪɢɦ ɫɢɫɬɟɦɭ (4). ȿɟ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ 00 caB −=⋅ , 

ɷɬɨ ɋɅȺɍ n - ɝɨ ɩɨɪɹɞɤɚ. ȿɫɥɢ ɨɧɚ ɧɟ ɫɨɜɦɟɫɬɧɚ, ɬɨ ɫɢɫɬɟɦɚ (1) ɤɜɚɡɢ-

ɩɟɪɢɨɞɢɱɟɫɤɨɝɨ ɪɟɲɟɧɢɹ ɫɨ ɫɩɟɤɬɪɨɦ W  ɧɟ ɢɦɟɟɬ. 
ɂɫɫɥɟɞɭɟɦ ɫɢɫɬɟɦɭ (5). Ɋɚɫɫɦɨɬɪɢɦ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ, ɫɨɫɬɚɜ-

ɥɟɧɧɭɸ ɢɡ ɩɨɫɥɟɞɧɢɯ ɞɜɭɯ ɭɪɚɜɧɟɧɢɣ 

.

,

22

22

1

21

22

22

1

21

jjj

jjj

ppp

ppp

dbBbB

caBaB

−=+

−=+
 (6) 

ȼɜɟɞɟɦ ɨɛɨɡɧɚɱɟɧɢɹ: ( )22212 , BBB = , ( )22 ,
jjj ppp dcF −−= , 

( ) ( )[ ]2121 ,,,
jjjjj ppppp bbcolonaacolonY =  ɞɥɹ ɥɸɛɵɯ jj Dp ∈ , ɬɨɝɞɚ ɫɢɫɬɟɦɭ 

(6) ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɤɚɤ 
jj pp FYB =2 . (7) 

ȼ ɞɚɥɶɧɟɣɲɟɦ, ɩɨɬɪɟɛɭɟɬɫɹ ɫɥɟɞɭɸɳɟɟ ɨɩɪɟɞɟɥɟɧɢɟ (Ȼɨɹɪɢɧɰɟɜ, 
1980). 

Ɉɩɪɟɞɟɥɟɧɢɟ 2. Ɇɚɬɪɢɰɚ G  ɧɚɡɵɜɚɟɬɫɹ ɩɨɥɭɨɛɪɚɬɧɨɣ ɤ ɦɚɬɪɢɰɟ 
K , ɟɫɥɢ ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ KKGK = . 

Ʌɸɛɭɸ ɢɡ ɩɨɥɭɨɛɪɚɬɧɵɯ ɦɚɬɪɢɰ ɤ ɦɚɬɪɢɰɟ K  ɛɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ 
ɱɟɪɟɡ −K , ɬɚɤ ɱɬɨ 

KKKK =− . (8) 

Ɍɟɨɪɟɦɚ. Ⱦɥɹ ɬɨɝɨ ɱɬɨɛɵ, ɦɚɬɪɢɱɧɨɟ ɭɪɚɜɧɟɧɢɟ (7) ɛɵɥɨ ɪɚɡɪɟ-
ɲɢɦɨ, ɧɟɨɛɯɨɞɢɦɨ ɢ ɞɨɫɬɚɬɨɱɧɨ, ɱɬɨɛɵ ɜɵɩɨɥɧɹɥɨɫɶ ɪɚɜɟɧɫɬɜɨ 

( ) 022 =− −
jpFBBE . (9) 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. ɇɟɨɛɯɨɞɢɦɨɫɬɶ. ɉɭɫɬɶ Y  — ɪɟɲɟɧɢɟ ɦɚɬɪɢɱɧɨ-
ɝɨ ɭɪɚɜɧɟɧɢɹ (7). ɍɦɧɨɠɢɦ ɪɚɜɟɧɫɬɜɨ 

jpFYB =2  ɫɥɟɜɚ ɧɚ ɦɚɬɪɢɰɭ 
−− 22 BBE : 
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( ) ( )
jpFBBEYBBBE −− −=− 22222 , 

ɨɬɤɭɞɚ ɩɨɥɭɱɚɟɦ ( )
jpFBBEYBBBYBE −− −=− 222222 , ɭɱɢɬɵɜɚɹ ɫɜɨɣɫɬɜɨ 

(8), ɩɨɥɭɱɢɦ ɪɚɜɟɧɫɬɜɨ (9). 

Ⱦɨɫɬɚɬɨɱɧɨɫɬɶ. ɉɭɫɬɶ ɪɚɜɟɧɫɬɜɨ (9) ɫɩɪɚɜɟɞɥɢɜɨ. Ɍɨɝɞɚ ɧɟɩɨɫɪɟɞ-

ɫɬɜɟɧɧɨɣ ɩɨɞɫɬɚɧɨɜɤɨɣ ɦɨɠɧɨ ɭɛɟɞɢɬɶɫɹ, ɱɬɨ 
jj pp FBY −= 2  ɹɜɥɹɟɬɫɹ ɪɟ-

ɲɟɧɢɟɦ ɭɪɚɜɧɟɧɢɹ (7). Ɍɟɨɪɟɦɚ ɞɨɤɚɡɚɧɚ. 
ȿɫɥɢ ɪɚɜɟɧɫɬɜɨ (9) ɜɵɩɨɥɧɟɧɨ, ɬɨ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ (7) 

ɩɪɢɧɢɦɚɟɬ ɜɢɞ 

( ) UBBEFBY
jj pp ⋅−+= −−

222 , (10) 

ɝɞɟ U  ɩɪɨɢɡɜɨɥɶɧɚɹ ɦɚɬɪɢɰɚ ɪɚɡɦɟɪɧɨɫɬɢ )2( ×n . 

ɇɚɣɞɟɧɧɨɟ ɪɟɲɟɧɢɟ (10) ɩɨɞɫɬɚɜɢɦ ɜ ɩɟɪɜɵɟ ɞɜɚ ɭɪɚɜɧɟɧɢɹ ɫɢɫ-
ɬɟɦɵ (5). ɉɨɥɭɱɢɦ ɫɢɫɬɟɦɭ ɥɢɧɟɣɧɵɯ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ ɩɨɪɹɞ-

ɤɚ s2  ɫ n2  ɧɟɢɡɜɟɫɬɧɵɦɢ. 

ȼɨɡɦɨɠɧɵ ɫɥɟɞɭɸɳɢɟ ɫɥɭɱɚɢ: 

1) ɩɨɥɭɱɟɧɧɚɹ ɫɢɫɬɟɦɚ ɧɟɪɚɡɪɟɲɢɦɚ, ɬɨɝɞɚ ɫɢɫɬɟɦɚ ɞɢɮɮɟɪɟɧɰɢɚɥɶ-
ɧɵɯ ɭɪɚɜɧɟɧɢɣ (1) ɤɜɚɡɢɩɟɪɢɨɞɢɱɟɫɤɨɝɨ ɪɟɲɟɧɢɹ ɫɨ ɫɩɟɤɬɪɨɦ W  ɧɟ ɢɦɟɟɬ; 

2) ɩɨɥɭɱɟɧɧɚɹ ɫɢɫɬɟɦɚ ɪɚɡɪɟɲɢɦɚ, ɬɨɝɞɚ ɱɢɫɥɨ ɩɪɨɢɡɜɨɥɶɧɵɯ ɩɨ-
ɫɬɨɹɧɧɵɯ ɜ ɤɜɚɡɢɩɟɪɢɨɞɢɱɟɫɤɨɦ ɪɟɲɟɧɢɢ ɫɢɫɬɟɦɵ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ 
ɭɪɚɜɧɟɧɢɣ (1), ɨɩɪɟɞɟɥɢɬɫɹ ɪɚɧɝɨɦ ɩɨɥɭɱɟɧɧɨɣ ɫɢɫɬɟɦɵ ɥɢɧɟɣɧɵɯ ɚɥ-
ɝɟɛɪɚɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɧɚɯɨɠɞɟɧɢɟ ɤɜɚɡɢɩɟɪɢɨɞɢɱɟɫɤɨɝɨ ɪɟɲɟɧɢɹ ɫɢɫɬɟ-
ɦɵ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ ɨɫɨɛɟɧɧɨɣ ɦɚɬɪɢɰɟɣ ɩɪɢ ɩɪɨɢɡɜɨɞ-

ɧɵɯ (1), ɫɜɨɞɢɬɫɹ ɤ ɢɫɫɥɟɞɨɜɚɧɢɸ ɢ ɨɩɪɟɞɟɥɟɧɢɸ ɪɟɲɟɧɢɣ ɫɢɫɬɟɦ ɚɥ-
ɝɟɛɪɚɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ (4) ɢ (5). 

 

ɉɪɢɦɟɪ. ɇɚɣɞɟɦ ɤɜɚɡɢɩɟɪɢɨɞɢɱɟɫɤɢɣ ɪɟɠɢɦ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɦɨ-
ɞɟɥɢ ɥɢɧɟɣɧɨɣ ɷɥɟɤɬɪɢɱɟɫɤɨɣ ɰɟɩɢ, ɩɪɢɜɟɞɟɧɧɨɣ ɜ ɪɚɛɨɬɟ (Ȼɟɫɫɨɧɨɜ, 
2002). ɋɢɫɬɟɦɚ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ, ɨɩɪɟɞɟɥɹɸɳɚɹ ɷɧɟɪɝɟɬɢ-

ɱɟɫɤɨɟ ɫɨɫɬɨɹɧɢɟ ɰɟɩɢ, ɜɵɜɨɞɢɬɫɹ ɧɚ ɨɫɧɨɜɚɧɢɢ ɞɜɭɯ ɡɚɤɨɧɨɜ Ʉɢɪɯɝɨɮɚ, 
ɢ ɢɦɟɟɬ ɜɢɞ 

.

,)(

,)(

321

3311

2211

iii

RiuuRitu

RiuRitu

CL

L

+=
+++=

++=
 (11) 
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Ɂɚɦɟɧɨɣ ɩɟɪɟɦɟɧɧɵɯ 1xuC = , 21 xi = , 32 xi =  ɫɢɫɬɟɦɭ (11) ɫɜɟɞɟɦ ɤ 

ɫɢɫɬɟɦɟ (1), ɝɞɟ ),,( 321 xxxcolonx = , ⎟
⎠
⎞

⎜
⎝
⎛= 0),(

1
,0)( tu

L
colontf , 

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−−
⎟
⎠
⎞

⎜
⎝
⎛ −

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
= 1,,,1,,0,

1
,0,

1

3

22

3

21

33 R

R

L

R

CR

R
colon

L

R
colon

RCR
colonB , 

[ ])0,0,0(),0,1,0(),0,0,1( coloncoloncolonA = . 

ɉɭɫɬɶ ɩɚɪɚɦɟɬɪɵ ɰɟɩɢ ɛɭɞɭɬ 1.0=C Ɏ, 201 =R Ɉɦ, 302 =R Ɉɦ, 

103 =R Ɉɦ, 1=L Ƚɧ. ɇɚ ɜɯɨɞ ɩɨɞɚɟɬɫɹ ɧɚɩɪɹɠɟɧɢɟ ɜɢɞɚ 

( ) ( )( )∑ ∑
∞

= ∈

++++=
1

21210 5sin5cos)(
j Dp

jj

p

jj

p

jj

jj
tkkdtkkcctu  ȼ. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɢɦɟɟɦ 2=m , ( )5,1=ω , ɫɩɟɤɬɪ 
⎭
⎬
⎫

⎩
⎨
⎧

ω= ∑
=

2

1

,0
i

i

j

ikW , 

( )
⎭
⎬
⎫

⎩
⎨
⎧

∈∈=== ∑
=

*
2

1

21 ,,,,: ZN
j

i

i

j

i

jj

jjj kjjkkkppD . 

Ɍɨɝɞɚ ɩɨɥɭɱɢɦ ɫɢɫɬɟɦɭ (3), ɜ ɤɨɬɨɪɨɣ ( ) ( )[ ]1,0,0,111 coloncolonA = , 

( ) ( )[ ]20,0,0,111 −−= coloncolonB , ( )30,3012 −= colonB , 

( ))(,0)(1 tucolontf = , ( )11.021 =B , 422 −=B , 0)(2 =tf . Ɋɟɲɟɧɢɟ ɷɬɨɣ 

ɫɢɫɬɟɦɵ ɧɚɯɨɞɢɦ ɜ ɜɢɞɟ (2). Ⱦɥɹ ɷɬɨɝɨ ɧɟɨɛɯɨɞɢɦɨ ɧɚɣɬɢ ɪɟɲɟɧɢɹ ɫɢɫ-
ɬɟɦ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ (4) ɢ (5), ɤɨɬɨɪɵɟ ɜ ɭɫɥɨɜɢɹɯ ɪɚɫɫɦɚɬɪɢ-

ɜɚɟɦɨɝɨ ɩɪɢɦɟɪɚ ɡɚɩɢɫɵɜɚɸɬɫɹ ɬɚɤ 

( ) ,0411,0

,
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ɝɞɟ ( )521

jj

j kkz += . 

Ɋɟɲɟɧɢɟɦ ɫɢɫɬɟɦɵ (12) ɛɭɞɟɬ ɜɟɤɬɨɪ  
( )0000 02.0,02.0,6.0 ccccolona = . (14) 

ɋɢɫɬɟɦɚ, ɫɨɫɬɚɜɥɟɧɧɚɹ ɢɡ ɞɜɭɯ ɩɨɫɥɟɞɧɢɯ ɭɪɚɜɧɟɧɢɣ ɫɢɫɬɟɦɵ (13) ɢɦɟ-
ɟɬ ɜɢɞ ɫɢɫɬɟɦɵ (7), ɝɞɟ ( )411.02 −=B , ( )00=

jpF , 

( ) ( )[ ]321321 ,,,,,
jjjjjjj ppppppp bbbcolonaaacolonY =  ɞɥɹ ɥɸɛɵɯ jj Dp ∈ . Ɉɞɧɨɣ ɢɡ 

ɩɨɥɭɨɛɪɚɬɧɵɯ ɦɚɬɪɢɰ ɦɚɬɪɢɰɵ 2B  ɛɭɞɟɬ ( )0,1,02 colonB =− . Ɋɚɜɟɧɫɬɜɨ (9) 

ɩɪɢɦɟɬ ɜɢɞ ( ) 011 =⋅−
jpF . Ɍɨɝɞɚ ɪɟɲɟɧɢɟɦ ɫɢɫɬɟɦɵ (7), ɫɨɝɥɚɫɧɨ (10) ɛɭɞɟɬ 

( )[ ,,41.0, 31311111

jjjj

p uuuucolonY
j

+−=  ( )]jjjj uuuucolon 32321212 ,41.0, +− , ɜ 

ɤɨɬɨɪɨɦ ( )jjjj uuuu 32123111 ,,,  ɩɪɨɢɡɜɨɥɶɧɵɟ ɩɨɫɬɨɹɧɧɵɟ. 
ɇɚɣɞɟɧɧɨɟ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ (7) ɩɨɞɫɬɚɜɢɦ ɜ ɩɟɪɜɵɟ ɱɟɬɵɪɟ ɭɪɚɜ-

ɧɟɧɢɹ ɫɢɫɬɟɦɵ (13) ɩɨɥɭɱɢɦ 

.110241.0
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,41.01102
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32123111
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j
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duuuzuz
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uzuu

−=−++−

=+−

−=−+−

=−+−

 (15) 

ɇɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɜɵɱɢɫɥɟɧɢɹɦɢ ɦɨɠɧɨ ɭɛɟɞɢɬɶɫɹ, ɱɬɨ ɞɥɹ ɥɸɛɵɯ 
ɬɨɱɟɤ jj Dp ∈  ɫɢɫɬɟɦɚ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɭɪɚɜɧɟɧɢɣ (15) ɢɦɟɟɬ ɟɞɢɧɫɬɜɟɧ-

ɧɨɟ ɪɟɲɟɧɢɟ. 
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ɂɬɚɤ, ɜ ɷɥɟɤɬɪɢɱɟɫɤɨɣ ɰɟɩɢ ɫ ɡɚɞɚɧɧɵɦɢ ɩɚɪɚɦɟɬɪɚɦɢ, ɜɨɡɧɢɤɚɟɬ 
ɤɜɚɡɢɩɟɪɢɨɞɢɱɟɫɤɢɣ ɪɟɠɢɦ ɢɡɦɟɧɟɧɢɹ ɬɨɤɚ ɢ ɧɚɩɪɹɠɟɧɢɹ, ɨɩɪɟɞɟɥɟɧ-

ɧɵɣ ɪɚɜɟɧɫɬɜɨɦ 
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ɜ ɤɨɬɨɪɨɦ 0a  ɩɪɢɧɢɦɚɟɬ ɡɧɚɱɟɧɢɟ (14), ɚ ɜɟɤɬɨɪɵ 
jpa  ɢ 

jpb  ɞɥɹ ɥɸɛɵɯ 

jj Dp ∈  ɧɚɯɨɞɹɬɫɹ ɢɡ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ (15). 

ɍɫɥɨɜɢɹ ɪɚɡɪɟɲɢɦɨɫɬɢ ɫɢɫɬɟɦɵ (15) ɨɩɪɟɞɟɥɹɸɬ ɭɫɥɨɜɢɹ ɫɭɳɟɫɬ-
ɜɨɜɚɧɢɹ ɤɜɚɡɢɩɟɪɢɨɞɢɱɟɫɤɨɝɨ ɪɟɠɢɦɚ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɦɨɞɟɥɢ ɷɥɟɤɬɪɢ-

ɱɟɫɤɨɣ ɰɟɩɢ, ɡɚɞɚɧɧɨɣ ɫɢɫɬɟɦɨɣ (11). 
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TO THE QUESTION OF EXISTENCE OF QUASIPERIODIC 

SOLUTION FOR A SYSTEM OF DIFFERENTIAL EQUATIONS 

WITH SINGULAR MATRIX AT DERIVATIVES 
 

Lvova T. L. 

 

 

The method to determine conditions for existence of nonzero quasiperiodic 

solution for systems of linear differential equations with singular matrix at 

derivatives is offered. Obtained results are used for analysis of mathematical 

model of linear electric circuit. 
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