
ɆȺɌȿɆȺɌɂɑȿɋɄȺə ɆɈȾȿɅɖ ɊȺȻɈɌɕ ɅȺɁȿɊȺ 

ɋ ɉɊɈɋȼȿɌɅəɘɓɂɆɋə ɎɂɅɖɌɊɈɆ 

 

Ƚɨɪɛɭɧɨɜɚ ɘ. Ⱥ. 

 

 

ɇɚɫɬɨɹɳɚɹ ɪɚɛɨɬɚ ɩɨɫɜɹɳɟɧɚ ɢɫɫɥɟɞɨɜɚɧɢɸ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɦɨɞɟɥɢ 
ɨɩɬɢɱɟɫɤɨɝɨ ɤɜɚɧɬɨɜɨɝɨ ɝɟɧɟɪɚɬɨɪɚ, ɨɩɢɫɵɜɚɟɦɨɝɨ ɧɟɨɞɧɨɪɨɞɧɨɣ ɫɢɫ-
ɬɟɦɨɣ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ. ɂɡɭɱɟɧɵ ɦɚɬɟɦɚɬɢɱɟɫɤɢɟ ɦɨɞɟ-
ɥɢ, ɩɪɟɞɫɬɚɜɥɟɧɧɵɟ ɫɢɫɬɟɦɨɣ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɫ ɤɨɷɮɮɢ-
ɰɢɟɧɬɚɦɢ, ɡɚɜɢɫɹɳɢɦɢ ɨɬ ɩɚɪɚɦɟɬɪɚ ɢ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɟɣ, ɫɨɞɟɪɠɚɳɟɣ 
ɧɟɥɢɧɟɣɧɨɫɬɶ Ɂɚɞɚɱɟɣ ɢɫɫɥɟɞɨɜɚɧɢɹ ɹɜɥɹɟɬɫɹ ɪɚɡɪɚɛɨɬɤɚ ɦɟɬɨɞɨɜ ɧɚ-
ɯɨɠɞɟɧɢɹ ɩɟɪɢɨɞɢɱɟɫɤɢɯ ɪɟɠɢɦɨɜ ɪɚɛɨɬɵ ɨɩɬɢɱɟɫɤɨɝɨ ɤɜɚɧɬɨɜɨɝɨ 
ɝɟɧɟɪɚɬɨɪɚ. 

 

 

ȼɜɟɞɟɧɢɟ. ȼ ɧɚɫɬɨɹɳɟɟ ɜɪɟɦɹ ɞɢɚɩɚɡɨɧ ɡɚɞɚɱ, ɫɬɨɹɳɢɯ ɩɟɪɟɞ ɮɢ-

ɡɢɤɨɣ ɨɩɬɢɱɟɫɤɢɯ ɤɜɚɧɬɨɜɵɯ ɝɟɧɟɪɚɬɨɪɨɜ, ɜ ɤɨɬɨɪɵɯ ɩɪɢɯɨɞɢɬɫɹ ɭɱɢ-

ɬɵɜɚɬɶ ɪɟɠɢɦɵ ɪɚɛɨɬɵ, ɫɬɚɥ ɜɟɫɶɦɚ ɲɢɪɨɤɢɦ. ɉɨɫɤɨɥɶɤɭ ɨɛɥɚɫɬɶ ɩɪɢ-

ɥɨɠɟɧɢɹ ɨɛɲɢɪɧɚ, ɬɨ ɟɫɬɟɫɬɜɟɧɧɵ ɫɥɨɠɧɨɫɬɶ ɢ ɦɧɨɝɨɨɛɪɚɡɢɟ ɩɨɥɭɱɚɟ-
ɦɵɯ ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ ɦɨɞɟɥɟɣ.  

ȼ ɫɢɥɭ ɷɬɢɯ ɩɪɢɱɢɧ ɨɛɳɟɝɨ ɪɟɲɟɧɢɹ ɩɨɫɬɚɜɥɟɧɧɨɣ ɩɪɨɛɥɟɦɵ ɩɨɤɚ 
ɧɟ ɧɚɣɞɟɧɨ. ȼ ɱɚɫɬɧɨɫɬɢ, ɢɦɟɸɬɫɹ ɩɪɨɛɟɥɵ ɜ ɢɡɭɱɟɧɢɢ ɭɫɥɨɜɢɣ ɫɭɳɟɫɬ-
ɜɨɜɚɧɢɹ ɩɟɪɢɨɞɢɱɟɫɤɢɯ ɪɟɠɢɦɨɜ ɪɚɛɨɬɵ ɥɚɡɟɪɨɜ, ɜ ɨɤɪɟɫɬɧɨɫɬɢ ɧɭɥɹ. 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɡɚɞɚɱɚ ɩɨɢɫɤɚ ɭɫɥɨɜɢɣ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɧɟɧɭɥɟɜɵɯ ɩɟ-
ɪɢɨɞɢɱɟɫɤɢɯ ɪɟɲɟɧɢɣ ɧɟɥɢɧɟɣɧɵɯ ɫɢɫɬɟɦ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟ-
ɧɢɣ ɹɜɥɹɟɬɫɹ ɚɤɬɭɚɥɶɧɨɣ. 

 

Ɇɨɞɟɥɶ. ɉɨɥɧɚɹ ɫɢɫɬɟɦɚ ɛɚɥɚɧɫɧɵɯ ɭɪɚɜɧɟɧɢɣ ɥɚɡɟɪɚ ɫ ɩɪɨɫɜɟɬ-
ɥɹɸɳɢɦɫɹ ɮɢɥɶɬɪɨɦ ɫɨɫɬɨɢɬ ɢɡ ɬɪɟɯ ɭɪɚɜɧɟɧɢɣ ɢ ɜ ɛɟɡɪɚɡɦɟɪɧɨɣ ɮɨɪɦɟ 
ɢɦɟɟɬ ɜɢɞ:  

( ) ( ) ( )δρδαα +−=+−=+−= mnnmnnnnGmm aaaa
$$$ ,1,1   (1) 

Ɏɢɡɢɱɟɫɤɢɟ ɜɟɥɢɱɢɧɵ, ɜɯɨɞɹɳɢɟ ɜ ɫɢɫɬɟɦɭ (1) ɧɟ ɦɨɝɭɬ ɛɵɬɶ ɢɡ-
ɦɟɪɟɧɵ ɬɨɱɧɨ, ɩɨɷɬɨɦɭ ɢɯ ɡɧɚɱɟɧɢɹ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ: 

50403210 ,,11,11, λρρλδδλλλ +=+=+=+=+= GG , (2) 
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ɝɞɟ iλ  — ɧɟɤɨɬɨɪɚɹ ɨɲɢɛɤɚ ɢɡɦɟɪɟɧɢɹ, ɡɚɞɚɧɧɚɹ ɧɚ ɦɧɨɠɟɫɬɜɟ 
{ }00 ,)( δλλδ ≤=Λ . 

ɉɟɪɟɩɢɲɟɦ ɫɢɫɬɟɦɭ (1) ɜ ɜɢɞɟ 

( ) ( )
( )

( ) ( )( )

1 2

3

0 4 5 0 4

1 ,

1 ,

.

a

a a a

m G m n n

n n m

n n m

λ λ

α λ

α δ λ ρ λ δ λ

⎧ = + − − +
⎪⎪ = − + +⎨
⎪

= + − + + +⎪⎩

$

$

$
 (3) 

ɉɭɫɬɶ ɫɨɫɬɨɹɧɢɟɦ ɪɚɜɧɨɜɟɫɢɹ ɞɥɹ ɫɢɫɬɟɦɵ (1) ɹɜɥɹɟɬɫɹ ɬɨɱɤɚ ɫ ɤɨ-
ɨɪɞɢɧɚɬɚɦɢ ( )000 ,, annm , ɚ ɞɥɹ ɫɢɫɬɟɦɵ (3) ( )annm ,,  ɝɞɟ ( ),m m λ=  

( ), ( )a an n n nλ λ= = , )(),(),( λλλ annm  ɧɟɩɪɟɪɵɜɧɵ ɢ ɬɚɤɨɜɵ, ɱɬɨ ɩɪɢ 

0→λ , 000 )(,)(,)( aa nnnnmm →→→ λλλ . 

ɋɞɟɥɚɟɦ ɡɚɦɟɧɭ ( ) ( ) ( )λλλ aa nnxnnxmmx −=−=−= 321 ,, . 

Ɍɨɝɞɚ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ (3), ɦɨɠɧɨ ɩɪɢɜɟɫɬɢ ɤ ɜɢɞɭ 

),()( λλ xfxBxA
dt

dx
++= . (3ɚ) 

Ɇɚɬɪɢɰɚ ɫɢɫɬɟɦɵ ɥɢɧɟɣɧɨɝɨ ɩɪɢɛɥɢɠɟɧɢɹ (3ɚ) ɨɩɪɟɞɟɥɹɟɬɫɹ ɪɚ-
ɜɟɧɫɬɜɨɦ 
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⎜
⎜
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ɦɚɬɪɢɰɚ )(λB  — ɪɚɜɟɧɫɬɜɨɦ 

( )
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⎜

⎝

⎛

++−
+−−

++++−+
=

)((00

0))(()(

)()()()()()(

)(
0

54

3

101

0

101

0

20

λλλ
λλλ

λλλλλλλλλ
λ

pm

pq

pGmpGmrqG

B , 

3-ɦɟɪɧɚɹ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɹ ),( λxf  — ɪɚɜɟɧɫɬɜɨɦ 

( ) ( )( ))(,,),( 50133232110 λρλλ +−−++= xxxxxxxGxf . 

Ⱦɥɹ ɫɢɫɬɟɦɵ (3ɚ) ɫɬɚɜɢɬɫɹ ɡɚɞɚɱɚ ɨɩɪɟɞɟɥɢɬɶ ɭɫɥɨɜɢɹ ɫɭɳɟɫɬɜɨɜɚ-
ɧɢɹ ɩɟɪɢɨɞɢɱɟɫɤɢɯ ɪɟɠɢɦɨɜ ɨɩɬɢɱɟɫɤɨɝɨ ɤɜɚɧɬɨɜɨɝɨ ɝɟɧɟɪɚɬɨɪɚ ɫ ɩɪɨ-
ɫɜɟɬɥɹɸɳɢɦɫɹ ɮɢɥɶɬɪɨɦ. 

ȼ ɨɛɳɟɦ ɫɥɭɱɚɟ ɫɢɫɬɟɦɚ (3ɚ) ɢɦɟɟɬ ɜɢɞ: 
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),()( λλ xfxBAx
dt

dx
++= ,  (4) 

ɝɞɟ x  — n-ɦɟɪɧɵɣ ɜɟɤɬɨɪ, A  ɢ )(λB  — ɦɚɬɪɢɰɵ ɪɚɡɦɟɪɨɦ nn× , 

),( λxf  — n-ɦɟɪɧɚɹ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɹ. 
ȼɜɟɞɟɦ ɫɥɟɞɭɸɳɢɟ ɨɛɨɡɧɚɱɟɧɢɹ: 

( ){ }000 ,,,],,0[:,,)( δλλδωλδ ≤∈≤∈∈= mn ExExtxtD ,  

{ }00 :)( δλλδ ≤∈=Λ mE ,  

{ }00 :)( δααδ ≤∈= nEW , 00 >δ . 

Ȼɭɞɟɦ ɩɪɟɞɩɨɥɚɝɚɬɶ, ɱɬɨ ɧɚ )( 0δΛ  ɦɚɬɪɢɰɚ )(λB ɨɩɪɟɞɟɥɟɧɚ ɢ ɧɟ-
ɩɪɟɪɵɜɧɚ ɩɨ λ , ɬɚɤ ɧɟɩɪɟɪɵɜɧɵ ( ),q λ  ( ),r λ  ( )p λ  ɢ ɩɪɢ 

0)(,0 →→ λλ B . 

ɇɚ )( 0δD  ),,( λxtf  — n-ɦɟɪɧɚɹ ɜɟɤɬɨɪ-ɮɭɧɤɰɢɹ, ɨɩɪɟɞɟɥɟɧɚ ɢ ɧɟ-

ɩɪɟɪɵɜɧɚ, 0),0,( =λtf  ɢ 0
),(

lim
0

=
→ x

xf

x

λ
 ɪɚɜɧɨɦɟɪɧɨ ɩɨ λ .  

Ȼɭɞɟɦ ɬɚɤɠɟ ɩɪɟɞɩɨɥɚɝɚɬɶ, ɱɬɨ ɧɚ ɦɧɨɠɟɫɬɜɟ )( 0δD  ɫɢɫɬɟɦɚ (4) 

ɨɛɥɚɞɚɟɬ ɫɜɨɣɫɬɜɨɦ ɟɞɢɧɫɬɜɟɧɧɨɫɬɢ ɢ ɧɟɩɪɟɪɵɜɧɨɣ ɡɚɜɢɫɢɦɨɫɬɢ ɪɟɲɟ-
ɧɢɹ ɨɬ ɧɚɱɚɥɶɧɵɯ ɞɚɧɧɵɯ ɢ ɩɚɪɚɦɟɬɪɚ. Ɉɛɨɡɧɚɱɢɦ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ (4) 

ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ αλαλα =),,0(),,,( xtx . 

ɇɟɩɨɫɪɟɞɫɬɜɟɧɧɨɣ ɩɨɞɫɬɚɧɨɜɤɨɣ ɭɛɟɠɞɚɟɦɫɹ, ɱɬɨ 0≡x  ɹɜɥɹɟɬɫɹ 
ɪɟɲɟɧɢɟɦ ɫɢɫɬɟɦɵ (4), ɬɨɝɞɚ ɩɨ ɬɟɨɪɟɦɟ ɨ ɫɭɳɟɫɬɜɨɜɚɧɢɢ, ɟɞɢɧɫɬɜɟɧɧɨ-
ɫɬɢ ɢ ɧɟɩɪɟɪɵɜɧɨɣ ɡɚɜɢɫɢɦɨɫɬɢ ɪɟɲɟɧɢɹ ɨɬ ɧɚɱɚɥɶɧɵɯ ɞɚɧɧɵɯ ɢ ɩɚɪɚ-
ɦɟɬɪɚ ɫɭɳɟɫɬɜɭɟɬ ɱɢɫɥɨ ( ]01 ,0 δδ ∈ , ɬɚɤɨɟ, ɱɬɨ ɩɪɢ ɥɸɛɵɯ 

)(),( 11 δλδα Λ∈∈W  ɫɢɫɬɟɦɚ (4) ɢɦɟɟɬ ɪɟɲɟɧɢɟ ),,( λαtxt → , ɨɩɪɟɞɟ-
ɥɟɧɧɨɟ ɧɚ [ ]ω,0  ɢ ɧɟɩɪɟɪɵɜɧɨɟ ɩɨ ɫɨɜɨɤɭɩɧɨɫɬɢ ɩɟɪɟɦɟɧɧɵɯ ɧɚ ɦɧɨɠɟ-
ɫɬɜɟ [ ] )()(,0 11 δδω Λ××W  ɢ ɩɪɢ ɥɸɛɨɦ [ ] 0),,(,0 δλαω ≤∈ txt .  

ɋɬɚɜɢɬɫɹ ɡɚɞɚɱɚ ɧɚɣɬɢ ɭɫɥɨɜɢɹ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɩɟɪɢɨɞɢɱɟɫɤɨɝɨ 
ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ (4) (ɬɨ ɟɫɬɶ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ɩɟɪɢɨɞɢɱɟɫɤɨɝɨ ɪɟɠɢɦɚ 
ɨɩɬɢɱɟɫɤɨɝɨ ɤɜɚɧɬɨɜɨɝɨ ɝɟɧɟɪɚɬɨɪɚ, ɨɩɪɟɞɟɥɹɟɦɨɝɨ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɦɨ-
ɞɟɥɶɸ ɫɢɫɬɟɦɨɣ (3ɚ)). 
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Ɋɟɡɭɥɶɬɚɬɵ. Ɉɞɧɨɜɪɟɦɟɧɧɨ ɫ ɫɢɫɬɟɦɨɣ (4) ɪɚɫɫɦɨɬɪɢɦ ɫɢɫɬɟɦɭ 
(5) ɜɢɞɚ  

)),,,(,(),,()( λλαλαλ txtftxBAyy ++=$ . (5) 

ɋɩɪɚɜɟɞɥɢɜɚ ɫɥɟɞɭɸɳɚɹ ɬɟɨɪɟɦɚ: 
Ɍɟɨɪɟɦɚ 1. Ɋɟɲɟɧɢɟ ),,( λαtxt →  ɫɢɫɬɟɦɵ (5) ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ 

ɫɢɫɬɟɦɵ (4) ɢ ɧɚɨɛɨɪɨɬ. Ɋɟɲɟɧɢɟ )(tyt →  ɫ ɧɚɱɚɥɶɧɵɦ ɭɫɥɨɜɢɟɦ 

α=)0(y  ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ (4) ɢ ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ 
),,()( λαtxty =  ɞɥɹ ɥɸɛɨɝɨ [ ]ω,0∈t . 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. Ɍɚɤ ɤɚɤ ),,( λαtxt →  ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ (4), ɬɨ 
ɞɥɹ ɥɸɛɨɝɨ [ ]ω,0∈t ɜɵɩɨɥɧɹɟɬɫɹ ɪɚɜɟɧɫɬɜɨ 

)),,,((),,()(),,(),,( λλαλαλλαλα txftxBtAxtx +⋅+=$ .  

ɗɬɨ ɡɧɚɱɢɬ, ɱɬɨ ),,( λαtxt →  ɟɫɬɶ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ (4). 

ɉɭɫɬɶ ɬɟɩɟɪɶ α=→ )0(),( ytyt  ɹɜɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɫɢɫɬɟɦɵ (5), ɧɨ 
ɞɪɭɝɨɟ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ (5) ɟɫɬɶ ),,( λαtxt → . Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɫɢɫɬɟɦɚ (5) 

ɢɦɟɟɬ ɞɜɚ ɪɟɲɟɧɢɹ, ɭɞɨɜɥɟɬɜɨɪɹɸɳɢɯ ɨɞɧɢɦ ɢ ɬɟɦ ɠɟ ɧɚɱɚɥɶɧɵɦ ɭɫɥɨɜɢ-

ɹɦ. Ɍɨɝɞɚ ɩɨ ɫɜɨɣɫɬɜɭ ɫɢɫɬɟɦɵ (5) ɨɧɢ ɫɨɜɩɚɞɚɸɬ ɩɪɢ ɥɸɛɨɦ [ ]0,t ω∈ , ɬ.ɟ. 
),,()( λαtxty = , ɬ.ɟ. )(tyt →  ɟɫɬɶ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ (4). 

Ɍɚɤ ɤɚɤ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ ɢɦɟɟɬ ɜɢɞ 

( ) ( ) ( ) ( )( )( )1

0

( ) , , , , ( ) ( , , ) , (0)

t

y t X t X t X f x B x t d yα ξ ξ ξ α λ λ λ α λ ξ α−= + + ⋅ =∫ , 

),,()( λαtxty = , 

ɢ ɬɨɝɞɚ ɪɟɲɟɧɢɟ ),,( λαtx ɩɪɢɧɢɦɚɟɬ ɜɢɞ: 

( ) ( ) ( ) ( )( )( )1

0

( ) , , , , ( ) ( , , ) .

t

x t X t X t X f x B x t dα ξ ξ ξ α λ λ λ α λ ξ−= + + ⋅∫   (6) 

ɋɥɟɞɨɜɚɬɟɥɶɧɨ, ɜɟɤɬɨɪ-ɮɭɧɤɰɢɹ, ɨɩɪɟɞɟɥɹɟɦɚɹ ɪɚɜɟɧɫɬɜɨɦ (6), ɹɜ-
ɥɹɟɬɫɹ ɪɟɲɟɧɢɟɦ ɫɢɫɬɟɦɵ (4). 

Ɋɚɫɫɦɨɬɪɢɦ ɞɪɭɝɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ (4). 

Ɍɟɨɪɟɦɚ 2. Ɋɟɲɟɧɢɟ ɫɢɫɬɟɦɵ (4) ɦɨɠɟɬ ɛɵɬɶ ɩɪɟɞɫɬɚɜɥɟɧɨ ɪɚɜɟɧ-

ɫɬɜɨɦ  

( )αλααλα OotXtx ++= )()(),,( , 
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ɝɞɟ ( )X t  — ɮɭɧɞɚɦɟɧɬɚɥɶɧɚɹ ɦɚɬɪɢɰɚ ɫɢɫɬɟɦɵ ,Axx =$  (0) ,X E=  E  

— ɟɞɢɧɢɱɧɚɹ ɦɚɬɪɢɰɚ, 0)(lim,0
)(

lim
00

==
→→

λ
α
α

λα
O

o
. 

 

Ⱦɨɤɚɡɚɬɟɥɶɫɬɜɨ. 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )[ ]∫ ++= −
t

dxfxBXtXtXtx
0

1 ,,,,,,, ξλλαξλαξλξαλα . 

ɍɫɬɚɧɨɜɢɦ ɮɚɤɬ, ɱɬɨ 
( )
α

λα ,,tx
 ɨɝɪɚɧɢɱɟɧɚ ɧɚ ɦɧɨɠɟɫɬɜɟ 

[ ] ( ) ( )11;0 δδω Λ××W .  

ɍɛɟɞɢɦɫɹ, ɱɬɨ ( ) ( ) ( ) ( ) ( )λξλαξλξ OdxBXtX

t

=⋅∫ −

0

1 ,, , ɨɛɨɡɧɚɱɢɦ 

( ) ( )λα
α

λα
,,

,,
t

tx
Ψ= , ( )λα ,,tΨ  — ɨɝɪɚɧɢɱɟɧɧɚɹ ɮɭɧɤɰɢɹ. Ɉɬɤɭɞɚ 

( ) ( )λααλα ,,,, ttx Ψ⋅= ,  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∫∫ Ψ⋅⋅=⋅ −−
tt

dBXtXdxBXtX
0

1

0

1 ,,,, ξλαξαλξξλαξλξ , 

( ) ( ) ( ) ( ) 0,,lim
0

1

0
=Ψ⋅∫ −

→

t

dBXtX ξλαξλξα
λ

, ɡɧɚɱɢɬ,  

( ) ( ) ( ) ( ) ( )λξλαξλξ OdxBXtX

t

=⋅∫ −

0

1 ,, . 

ɍɛɟɞɢɦɫɹ, ɱɬɨ ( ) ( ) ( )( ) ( )λξλλαξξ OdxfXtX

t

=∫ −

0

1 ,,, , ɬ.ɟ. 

( )( )
0

,,,
lim

0
=

→ α
λλαtxf

x
 ɪɚɜɧɨɦɟɪɧɨ ɨɬɧɨɫɢɬɟɥɶɧɨ ( ) [ ], 0, ,t λ ω∈  ( )1 ,Wα δ∈  

( )1λ δ∈Λ . Ɍɨɝɞɚ [ ]ω;0∈∀t , ( ) ( )11 , δλδα Λ∈∈W  ɢɦɟɟɬ ɦɟɫɬɨ ɧɟɪɚɜɟɧɫɬɜɨ: 

( ) ( ) ( )( ) ( )( )∫∫ ⋅≤−
tt

dxfKdxfXtX
0

2

0

1 1
,,,,,,

1 ξ
α

λλαξξλλαξξ
α

, 
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ɝɞɟ ( ) ( ) KtXKtX ≤≤ −1, , 
( )( )
( )

( )
∫ =⋅
t

d
x

x

xf
K

0

2 0
,,

,,

,,, ξ
α

λαξ
λαξ

λλαξ
, ɚ 

ɷɬɨ ɡɧɚɱɢɬ, ɱɬɨ ( ) ( ) ( )( ) ( )αξλλαξξ
α

odxfXtX

t

=⋅∫ −

0

1 ,,,
1

. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɪɟɲɟɧɢɟ ɫɢɫɬɟɦɵ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ: 
( ) ( ) ( ) ( )αλααλα OotXtx ++=,, , ɝɞɟ ( )tX  — ɮɭɧɞɚɦɟɧɬɚɥɶɧɚɹ ɦɚɬɪɢɰɚ 
ɫɢɫɬɟɦɵ ( ) ExAxx == 0,$ . ȿ — ɟɞɢɧɢɱɧɚɹ ɦɚɬɪɢɰɚ ɫɢɫɬɟɦɵ. 

Ɍɟɨɪɟɦɚ 3. ȿɫɥɢ ( ) ,0)(det ≠− EX ω  ɬɨ ɫɭɳɟɫɬɜɭɟɬ ɨɤɪɟɫɬɧɨɫɬɶ 
ɬɨɱɤɢ ( , ) 0α λ = , ɜ ɤɨɬɨɪɨɣ ɧɟɬ ɧɟɧɭɥɟɜɨɝɨ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ (4), ɚ 
ɫɢɫɬɟɦɚ (3a) ɧɟ ɢɦɟɟɬ ɩɟɪɢɨɞɢɱɟɫɤɨɝɨ ɪɟɲɟɧɢɹ ɜ ɞɨɫɬɚɬɨɱɧɨ ɦɚɥɨɣ ɨɤ-
ɪɟɫɬɧɨɫɬɢ 0x = . 

ɉɪɢ ɜɵɩɨɥɧɟɧɢɢ ɭɫɥɨɜɢɣ ɬɟɨɪɟɦɵ ɫɭɳɟɫɬɜɭɟɬ ɨɤɪɟɫɬɧɨɫɬɶ ɬɨɱɤɢ 

( )000 ,, αnnm , ɜ ɤɨɬɨɪɨɣ ɧɟɬ ɩɟɪɢɨɞɢɱɟɫɤɢɯ ɪɟɠɢɦɨɜ, ɨɬɥɢɱɧɵɯ ɨɬ ɫɬɚ-
ɰɢɨɧɚɪɧɵɯ ɪɟɠɢɦɨɜ. 

 

Ɂɚɤɥɸɱɟɧɢɟ. Ʌɚɡɟɪɵ ɲɢɪɨɤɨ ɩɪɢɦɟɧɹɸɬɫɹ ɜ ɫɚɦɵɯ ɪɚɡɧɵɯ ɨɛɥɚɫ-
ɬɹɯ ɧɚɭɤɢ ɢ ɬɟɯɧɢɤɢ. ɋɨɱɟɬɚɧɢɟ ɭɧɢɤɚɥɶɧɵɯ ɫɜɨɣɫɬɜ ɜɵɯɨɞɧɨɝɨ ɢɡɥɭɱɟ-
ɧɢɹ ɫ ɨɬɧɨɫɢɬɟɥɶɧɨɣ ɩɪɨɫɬɨɬɨɣ ɤɨɧɫɬɪɭɤɰɢɢ ɩɨɡɜɨɥɢɥɨ ɷɬɢɦ ɩɪɢɛɨɪɚɦ 

ɡɚɧɹɬɶ ɨɞɧɭ ɢɡ ɜɟɞɭɳɢɯ ɩɨɡɢɰɢɣ ɜ ɨɛɥɚɫɬɢ ɥɚɡɟɪɧɨɣ ɬɟɯɧɢɤɢ. Ⱦɢɚɩɚɡɨɧ 

ɢɯ ɩɪɢɦɟɧɟɧɢɹ ɧɟɩɪɟɪɵɜɧɨ ɪɚɫɲɢɪɹɟɬɫɹ, ɚ ɬɪɟɛɨɜɚɧɢɹ ɤ ɜɵɯɨɞɧɵɦ ɯɚ-
ɪɚɤɬɟɪɢɫɬɢɤɚɦ ɭɠɟɫɬɨɱɚɸɬɫɹ.  

Ⱦɥɹ ɫɨɡɞɚɧɢɹ ɥɚɡɟɪɨɜ ɫ ɡɚɞɚɧɧɵɦɢ ɜɵɯɨɞɧɵɦɢ ɩɚɪɚɦɟɬɪɚɦɢ, ɩɨ-
ɢɫɤɚ ɧɨɜɵɯ ɤɨɧɫɬɪɭɤɬɢɜɧɵɯ ɪɟɲɟɧɢɣ, ɞɥɹ ɫɨɤɪɚɳɟɧɢɹ ɦɚɬɟɪɢɚɥɶɧɵɯ 
ɡɚɬɪɚɬ ɢ ɫɪɨɤɨɜ ɪɚɡɪɚɛɨɬɤɢ ɧɟɨɛɯɨɞɢɦɨ ɹɫɧɨɟ ɩɨɧɢɦɚɧɢɟ ɮɢɡɢɱɟɫɤɢɯ 
ɩɪɨɰɟɫɫɨɜ, ɩɪɨɬɟɤɚɸɳɢɯ ɜ ɥɚɡɟɪɚɯ, ɢ ɜɨɡɦɨɠɧɨɫɬɶ ɢɫɩɨɥɶɡɨɜɚɬɶ ɩɪɢ ɢɯ 
ɪɚɡɪɚɛɨɬɤɟ ɦɟɬɨɞɵ ɦɚɬɟɦɚɬɢɱɟɫɤɨɝɨ ɦɨɞɟɥɢɪɨɜɚɧɢɹ. ɗɬɢɦ ɜ ɡɧɚɱɢɬɟɥɶ-
ɧɨɣ ɫɬɟɩɟɧɢ ɨɛɭɫɥɨɜɥɟɧ ɧɟɨɫɥɚɛɟɜɚɸɳɢɣ ɢɧɬɟɪɟɫ ɤ ɢɡɭɱɟɧɢɸ ɮɢɡɢɱɟ-
ɫɤɢɯ ɩɪɨɰɟɫɫɨɜ ɜ ɥɚɡɟɪɚɯ. 
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MATHEMATICAL MODEL OF LASER WITH SATURABLE 

ABSORBER OPERATION 

 

Gorbunova Ju. A. 

 

 

Operation of an optical quantum generator (laser) with saturable absorber 

was studied by means of mathematical modeling. Nonhomogeneous systems 

of the differential equations with coefficients depending on a parameter and 

nonlinear vector-function are studied. The aim of the research is to develop 

procedure for discovering of periodic operation modes of the optical quan-

tum generator. 
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