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Ɇɟɬɪɢɤɢɧ ȼ. ɋ., ɇɢɤɢɮɨɪɨɜɚ ɂ. ȼ. 

 

 

Ɋɚɡɪɚɛɨɬɚɧɵ ɦɚɬɟɦɚɬɢɱɟɫɤɚɹ ɦɨɞɟɥɶ ɢ ɦɟɬɨɞɢɤɚ ɱɢɫɥɟɧɧɨ-
ɚɧɚɥɢɬɢɱɟɫɤɨɝɨ ɢɫɫɥɟɞɨɜɚɧɢɹ ɞɢɧɚɦɢɤɢ ɜɢɛɪɨɭɞɚɪɧɨɝɨ ɦɟɯɚɧɢɡɦɚ. ɉɪɟɞ-
ɫɬɚɜɥɟɧɧɵɟ ɛɢɮɭɪɤɚɰɢɨɧɧɵɟ ɞɢɚɝɪɚɦɦɵ ɩɨɡɜɨɥɢɥɢ ɜɵɹɜɢɬɶ ɨɫɧɨɜɧɵɟ 
ɡɚɤɨɧɨɦɟɪɧɨɫɬɢ ɩɟɪɟɫɬɪɨɟɤ ɪɚɡɥɢɱɧɵɯ ɪɟɠɢɦɨɜ ɞɜɢɠɟɧɢɹ ɦɟɯɚɧɢɡɦɚ. 
 

 

Ɋɚɫɫɦɚɬɪɢɜɚɟɦɚɹ ɫɢɫɬɟɦɚ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɜɢɛɪɨɭɞɚɪɧɵɣ ɦɟɯɚɧɢɡɦ 

(ɪɢɫ. 1), ɫɨɫɬɨɹɳɢɣ ɢɡ ɤɨɪɩɭɫɚ — 1, ɦɚɯɨɜɢɤɚ — 2, ɤɪɢɜɨɲɢɩɨɜ ɫ ɪɟɝɭ-
ɥɢɪɭɟɦɵɦɢ ɷɤɫɰɟɧɬɪɢɫɢɬɟɬɚɦɢ ri — 3, ɲɚɬɭɧɨɜ (ɞɥɢɧɨɣ li) — 4, ɩɨɪɲ-

ɧɟɣ-ɭɞɚɪɧɢɤɨɜ — 5, ɧɟɩɨɞɜɢɠɧɨɝɨ ɨɝɪɚɧɢɱɢɬɟɥɹ — 6, ɷɤɫɰɟɧɬɪɢɤɨɜɨɝɨ 
ɜɚɥɚ — 7, ɧɚɩɪɚɜɥɹɸɳɟɣ ɝɢɥɶɡɵ — 8, ɧɚɩɪɚɜɥɹɸɳɟɣ ɲɬɚɧɝɢ ɤɨɪɩɭɫɚ — 

9, ɧɚɤɨɜɚɥɶɧɢ — 10. 

 

Ɋɢɫ. 1 ɋɯɟɦɚ ɜɢɛɪɨɭɞɚɪɧɨɝɨ ɦɟɯɚɧɢɡɦɚ. 
 

Ʉɨɪɩɭɫ ɫɨɜɟɪɲɚɟɬ ɤɨɥɟɛɚɬɟɥɶɧɵɟ ɞɜɢɠɟɧɢɹ ɜɞɨɥɶ ɧɚɩɪɚɜɥɹɸɳɟɣ 

ɲɬɚɧɝɢ ɜɫɥɟɞɫɬɜɢɟ ɜɪɚɳɟɧɢɹ ɦɚɯɨɜɢɤɚ ɫ ɩɨɫɬɨɹɧɧɨɣ ɭɝɥɨɜɨɣ ɫɤɨɪɨɫɬɶɸ 

ω . Ɍɨɝɞɚ ɛɚɡɨɜɚɹ ɦɨɞɟɥɶ, ɪɚɫɫɦɚɬɪɢɜɚɟɦɚɹ ɜ ɞɚɧɧɨɣ ɪɚɛɨɬɟ, ɢɦɟɟɬ ɜɢɞ: 
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γ = , ɚ iS  — ɪɚɫɫɬɨɹɧɢɟ ɨɬ ɬɨɱɤɢ ɤɪɟɩɥɟɧɢɹ ɲɚɬɭɧɚ ɞɨ 

ɨɫɧɨɜɚɧɢɹ ɩɨɪɲɧɹ. 
Ɏɚɡɨɜɨɟ ɩɪɨɫɬɪɚɧɫɬɜɨ ɫɢɫɬɟɦɵ ( ( ))G x f τ≥  ɬɪɟɯɦɟɪɧɨ ɜ ɤɨɨɪɞɢ-

ɧɚɬɚɯ τ,, xx $ , ɰɢɥɢɧɞɪɢɱɧɨ ɩɨ x$  ɢ ɭɫɟɱɟɧɨ ɩɨ x . Ɉɱɟɜɢɞɧɨ, ɱɬɨ 
)(τfx =  ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ «ɝɨɮɪɢɪɨɜɚɧɧɭɸ» ɩɨɜɟɪɯɧɨɫɬɶ, ɨɛɪɚɡɨ-

ɜɚɧɧɭɸ ɩɟɪɟɫɟɱɟɧɢɟɦ ɰɢɥɢɧɞɪɢɱɟɫɤɢɯ ɩɨɜɟɪɯɧɨɫɬɟɣ ( )τ1fx = , ( )τ2fx = . 

Ʉɚɱɟɫɬɜɟɧɧɵɣ ɜɢɞ ɮɚɡɨɜɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɢ ɮɚɡɨɜɵɯ ɬɪɚɟɤɬɨɪɢɣ 

ɩɪɢɜɟɞɟɧ ɧɚ ɪɢɫ. 2. 

 
Ɋɢɫ. 2 Ʉɚɱɟɫɬɜɟɧɧɵɣ ɜɢɞ ɮɚɡɨɜɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɢ ɮɚɡɨɜɵɯ ɬɪɚɟɤɬɨɪɢɣ. 

 

Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɪɟɠɢɦ ɞɜɢɠɟɧɢɹ ɦɟɯɚɧɢɡɦɚ ɫ ɭɞɚɪɚɦɢ ɤɚɠɞɵɦ ɢɡ 
ɩɨɪɲɧɟɣ ɜɨɡɦɨɠɟɧ ɥɢɲɶ ɩɪɢ ɭɫɥɨɜɢɢ )cos21( 222 γϕγμε +−< . 

ɉɨɜɟɞɟɧɢɟ ɮɚɡɨɜɵɯ ɬɪɚɟɤɬɨɪɢɣ ɩɨɡɜɨɥɹɟɬ ɫɞɟɥɚɬɶ ɜɵɜɨɞ, ɱɬɨ ɫɟ-
ɤɭɳɚɹ ɩɨɜɟɪɯɧɨɫɬɶ ɦɨɠɟɬ ɛɵɬɶ ɡɚɞɚɧɚ ɭɪɚɜɧɟɧɢɟɦ )(τfx = , ɩɨɷɬɨɦɭ 

ɞɢɧɚɦɢɤɚ ɫɢɫɬɟɦɵ ɦɨɠɟɬ ɛɵɬɶ ɢɡɭɱɟɧɚ ɫ ɩɨɦɨɳɶɸ ɬɨɱɟɱɧɨɝɨ ɨɬɨɛɪɚ-
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ɠɟɧɢɹ ɫɟɤɭɳɟɣ ɩɨɜɟɪɯɧɨɫɬɢ ɜ ɫɚɦɨɟ ɫɟɛɹ (ɇɟɣɦɚɪɤ, 1972).  

ɉɭɫɬɶ 1T  — ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɬɨɱɤɢ )),(,( 001000 xfxM $τττ ==  ɜ 
)),(,( 112111 xfxM $τττ == , ɚ 2T  — ɬɨɱɟɱɧɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɬɨɱɤɢ 1M  ɜ 

ɬɨɱɤɭ )),(,( 221222 xfxM $τττ == , ɝɞɟ 210 ,, xxx $$$  — ɩɨɫɥɟɭɞɚɪɧɵɟ ɫɤɨɪɨ-
ɫɬɢ. Ɍɨɝɞɚ 2 1T T T=  ɨɩɪɟɞɟɥɹɟɬ ɬɨɱɟɱɧɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɬɨɱɟɤ 

210 MMM →→ , ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɟ ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɦɭ ɫɨɭɞɚɪɟɧɢɸ 

ɩɨɪɲɧɟɣ-ɭɞɚɪɧɢɤɨɜ ɢ ɢɦɟɟɬ ɜɢɞ 
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Ⱦɥɹ ɨɬɵɫɤɚɧɢɹ ɩɪɨɫɬɵɯ ɭɫɬɨɣɱɢɜɵɯ ɜ ɦɚɥɨɦ ɧɟɩɨɞɜɢɠɧɵɯ ɬɨɱɟɤ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ T  ɜ ɪɚɛɨɬɟ ɩɪɢɦɟɧɟɧ ɢɡɜɟɫɬɧɵɣ ɚɥɝɨɪɢɬɦ.  

Ⱦɥɹ ɢɡɭɱɟɧɢɹ ɫɥɨɠɧɵɯ ɪɟɠɢɦɨɜ ɞɜɢɠɟɧɢɹ ɦɟɯɚɧɢɡɦɚ ɪɚɡɪɚɛɨɬɚɧ 

ɩɪɨɝɪɚɦɦɧɵɣ ɤɨɦɩɥɟɤɫ ɜ ɫɪɟɞɟ Borland C++Builder 6. Ʉɨɦɩɥɟɤɫ ɩɨɡɜɨ-

ɥɹɟɬ ɨɬɵɫɤɢɜɚɬɶ ɧɟɩɨɞɜɢɠɧɵɟ ɬɨɱɤɢ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɪɚɡɥɢɱɧɵɦ ɬɢ-

ɩɚɦ ɩɟɪɢɨɞɢɱɟɫɤɢɯ ɞɜɢɠɟɧɢɣ ɢ ɢɫɫɥɟɞɨɜɚɬɶ ɢɯ ɭɫɬɨɣɱɢɜɨɫɬɶ. Ⱦɥɹ ɷɬɨ-
ɝɨ ɫ ɩɨɦɨɳɶɸ ɩɪɨɝɪɚɦɦɧɨɝɨ ɩɪɨɞɭɤɬɚ ɩɪɨɢɡɜɨɞɢɬɫɹ ɩɨɫɬɪɨɟɧɢɟ ɛɢ-

ɮɭɪɤɚɰɢɨɧɧɵɯ ɞɢɚɝɪɚɦɦ. Ɍɚɤ, ɧɚ ɪɢɫɭɧɤɚɯ 3, 4 ɩɪɟɞɫɬɚɜɥɟɧɚ ɛɢɮɭɪɤɚ-
ɰɢɨɧɧɚɹ ɞɢɚɝɪɚɦɦɚ ɩɨ ɩɚɪɚɦɟɬɪɭ ĳ (ɨɫɶ ɚɛɫɰɢɫɫ) ɞɥɹ ɫɥɟɞɭɸɳɢɯ ɡɧɚ-
ɱɟɧɢɣ ɩɚɪɚɦɟɬɪɨɜ R = 0.4, p = 0.05, ε = 0.018, γ = 4, μ = 0.025. ɂɡ ɪɢɫɭɧ-

ɤɨɜ ɜɢɞɧɨ, ɱɬɨ ɨɫɧɨɜɧɨɣ ɪɟɠɢɦ ɞɜɢɠɟɧɢɹ ɫɭɳɟɫɬɜɭɟɬ ɜ ɩɪɟɞɟɥɚɯ 
0< ĳ <2.3. Ⱦɥɹ ĳ ɛɨɥɶɲɢɯ 2.3 ɫɭɳɟɫɬɜɭɸɬ ɪɟɠɢɦɵ ɫ ɛɨɥɶɲɢɦ ɱɢɫɥɨɦ 

ɭɞɚɪɨɜ ɤɚɠɞɵɦ ɢɡ ɩɨɪɲɧɟɣ-ɭɞɚɪɧɢɤɨɜ. ɋɨɨɬɜɟɬɫɬɜɭɸɳɢɟ ɨɫɰɢɥɥɨ-
ɝɪɚɦɦɵ ɞɜɢɠɟɧɢɹ ɩɪɢɜɟɞɟɧɵ ɧɚ ɪɢɫɭɧɤɚɯ 5, 6. ɇɚ ɪɢɫɭɧɤɚɯ 7, 8 ɩɪɢɜɟ-
ɞɟɧɵ ɛɢɮɭɪɤɚɰɢɨɧɧɵɟ ɞɢɚɝɪɚɦɦɵ ɞɥɹ ɡɧɚɱɟɧɢɣ ɩɚɪɚɦɟɬɪɨɜ R = 0.6, 

p = 0.1, ε = 0.018, γ = 4, μ = 0.025. ɂɡ ɧɢɯ ɜɢɞɧɨ, ɱɬɨ ɨɫɧɨɜɧɨɝɨ ɩɟɪɢɨ-
ɞɢɱɟɫɤɨɝɨ ɪɟɠɢɦɚ ɞɜɢɠɟɧɢɹ ɧɟ ɫɭɳɟɫɬɜɭɟɬ, ɚ ɫɭɳɟɫɬɜɭɟɬ ɩɟɪɢɨɞɢɱɟ-
ɫɤɨɟ ɞɜɢɠɟɧɢɟ ɫ ɞɜɭɦɹ ɭɞɚɪɚɦɢ ɩɟɪɜɵɦ ɩɨɪɲɧɟɦ ɢ ɨɞɧɢɦ ɭɞɚɪɨɦ ɜɬɨ-
ɪɵɦ ɜ ɩɪɟɞɟɥɚɯ 0.7< ĳ <1.3. ɋɨɨɬɜɟɬɫɬɜɭɸɳɚɹ ɨɫɰɢɥɥɨɝɪɚɦɦɚ ɞɜɢɠɟ-
ɧɢɹ ɩɪɢɜɟɞɟɧɚ ɧɚ ɪɢɫɭɧɤɟ 9. ɂɡ ɩɪɢɜɟɞɟɧɧɵɯ ɛɢɮɭɪɤɚɰɢɨɧɧɵɯ ɞɢɚ-
ɝɪɚɦɦ ɬɚɤɠɟ ɫɥɟɞɭɟɬ, ɱɬɨ ɫ ɪɨɫɬɨɦ ĳ ɫɤɨɪɨɫɬɶ ɩɪɢ ɭɞɚɪɟ ɭɦɟɧɶɲɚɟɬɫɹ 
ɞɥɹ ɩɟɪɜɨɝɨ ɩɨɪɲɧɹ-ɭɞɚɪɧɢɤɚ, ɚ ɞɥɹ ɜɬɨɪɨɝɨ ɨɧɚ ɭɜɟɥɢɱɢɜɚɟɬɫɹ. 
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Ɋɢɫ. 3. Ȼɢɮɭɪɤɚɰɢɨɧɧɚɹ ɞɢɚɝɪɚɦɦɚ ɩɨ ɩɚɪɚɦɟɬɪɭ ĳ ɞɥɹ ɩɟɪɜɨɝɨ ɩɨɪɲɧɹ ɞɥɹ 
ɡɧɚɱɟɧɢɣ ɩɚɪɚɦɟɬɪɨɜ R = 0.4, p = 0.05, ε = 0.018, γ = 4, μ = 0.025. 

 

Ɋɢɫ. 4. Ȼɢɮɭɪɤɚɰɢɨɧɧɚɹ ɞɢɚɝɪɚɦɦɚ ɩɨ ɩɚɪɚɦɟɬɪɭ ĳ ɞɥɹ ɜɬɨɪɨɝɨ ɩɨɪɲɧɹ ɞɥɹ 
ɡɧɚɱɟɧɢɣ ɩɚɪɚɦɟɬɪɨɜ R = 0.4, p = 0.05, ε = 0.018, γ = 4, μ = 0.025. 
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Ɋɢɫ. 5. Ɉɫɰɢɥɥɨɝɪɚɦɦɚ ɞɜɢɠɟɧɢɹ ɞɥɹ 0< ĳ <2.3. 

 
Ɋɢɫ. 6. Ɉɫɰɢɥɥɨɝɪɚɦɦɚ ɞɜɢɠɟɧɢɹ ɞɥɹ 2.3< ĳ <3.14. 
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Ɋɢɫ. 7. Ȼɢɮɭɪɤɚɰɢɨɧɧɚɹ ɞɢɚɝɪɚɦɦɚ ɩɨ ɩɚɪɚɦɟɬɪɭ ĳ ɞɥɹ ɩɟɪɜɨɝɨ ɩɨɪɲɧɹ ɞɥɹ 
ɡɧɚɱɟɧɢɣ ɩɚɪɚɦɟɬɪɨɜ R = 0.6, p = 0.1, ε = 0.018, γ = 4, μ = 0.025. 

 

Ɋɢɫ.8. Ȼɢɮɭɪɤɚɰɢɨɧɧɚɹ ɞɢɚɝɪɚɦɦɚ ɩɨ ɩɚɪɚɦɟɬɪɭ ĳ ɞɥɹ ɜɬɨɪɨɝɨ ɩɨɪɲɧɹ ɞɥɹ 
ɡɧɚɱɟɧɢɣ ɩɚɪɚɦɟɬɪɨɜ R = 0.6, p = 0.1, ε = 0.018, γ = 4, μ = 0.025. 
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Ɋɢɫ.9. Ɉɫɰɢɥɥɨɝɪɚɦɦɚ ɞɜɢɠɟɧɢɹ ɞɥɹ 0< ĳ <2.3. 

 

 
ɋɉɂɋɈɄ  ɅɂɌȿɊȺɌɍɊɕ  

 
ɇɟɣɦɚɪɤ ɘ.ɂ. Ɇɟɬɨɞ ɬɨɱɟɱɧɵɯ ɨɬɨɛɪɚɠɟɧɢɣ ɜ ɬɟɨɪɢɢ ɧɟɥɢɧɟɣɧɵɯ ɤɨɥɟɛɚɧɢɣ. 

— Ɇ.: ɇɚɭɤɚ, 1972. 

 

 

ON DYNAMICS OF A TWO-PISTON VIBRO-IMPACT APPARATUS 
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A mathematical model and a method for the numerical dynamical analysis of 

a vibro-impact apparatus are developed. The bifurcation diagrams are ob-

tained that allow various dynamical regimes of the apparatus motion to be 

identified. 
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